We characterize those ordinals ξ for which C p (ξ ) is a weakly Whyburn space. As a byproduct we obtain the coincidence of the Fréchet property and the Whyburn one on C p (ξ ).
Introduction
If X is a topological space and F ⊆ X, let us say that F is almost closed if F \ F is a one-point set. If F \ F = {x}, we denote it by F → x.
A space X is called weakly Whyburn if its topology is determined by almost closed subspaces, that is for any non-closed A ⊆ X there is an almost closed F ⊆ A such that F → x ∈ A \ A.
Quite similar to this is the well-known notion of pseudoradiality. A space X is pseudoradial if for any non-closed set A ⊆ X there exists a transfinite sequence S ⊆ A which converges to a point x ∈ A \ A.
When the requirement in the previous two definitions is fulfilled by every x ∈ A \ A, we get the notions of Whyburn space and radial space.
All basic facts about function spaces can be found in [1] . A cardinal κ is called ω-inaccessible provided that λ ω < κ for every cardinal λ < κ. Suppose ξ is an ordinal number with an order topology. The next theorem from [3] provides an elegant characterization of ordinals ξ with a pseudoradial function space C p (ξ ): Theorem 1.1. C p (ξ ) is pseudoradial iff either cf ξ ω 0 or ξ is regular and ω-inaccessible. Theorem 1.3 will show surprisingly that Theorem 1.1 does not extend to weakly Whyburn function spaces on ordinals.
Fréchetness and radiality for C p -spaces are shown to be equivalent properties in [3] . We recall another theorem from [3] which deals just with function spaces on ordinals: Theorem 1.2. The following conditions are equivalent:
The main result of this note reads as follows: Partial results have been obtained in [2] and [5] . To make clear a distinction between pseudoradial function spaces and weakly Whyburn ones, observe that it follows from Theorems 1.1 and 1.3 that C p (ξ ) is weakly Whyburn but not pseudoradial provided ξ is a singular initial ordinal the cofinality of which is ω-inaccessible. Corollary 4.1 below will add one more clause to the list in Theorem 1.2, namely:
In particular, C p (ξ ) is radial iff it is Whyburn, which contrasts with the relationship between pseudoradiality and the weak Whyburn property. Put
is uniquely determined by the following triple:
Obviously, the triple given in (1), (2) and (3) need not define a continuous function in general. A trouble is hidden in choosing δ f . A necessary and sufficient condition for obtaining a continuous function reads as follows: if β ∈ ξ is an accumulation point of
A crucial fact for our procedure is the ∆-system lemma for families F of countable sets where card F = κ and κ is ω-inaccessible. We shall use a minor modification of this lemma:
Lemma 2.4. Assume κ is regular and ω-inaccessible. For each α ∈ κ and i ∈ ω, let
Proof. For any α let A α = {A i α × {i}: i < ω} and apply Theorem 1.6 in [4, Chapter II] to the family {A α : α < κ}. We get a set D ∈ [κ] κ and a set R so that A α ∩ A α = R for any distinct α, α ∈ D. Now, denoting by R i the collection of all x for which (x, i) ∈ R, we see that the sets R i are the desired roots. ✷
Proof of Theorem 1.3
The case cf(ξ ) ω is covered by Theorem 1.2. Actually, we get that C p (ξ ) is a Fréchet space in this case.
Let us continue by assuming cf(ξ ) = κ > ω. We will prove two implications:
Observe that κ is a retract of ξ and so C p (ξ ) contains C p (κ) as a closed subspace (see [1] ). Moreover, the weak Whyburn property is preserved by passing to closed subspaces. Thus, it remains to show that if κ is a regular not ω-inaccessible cardinal then C p (κ) is not weakly Whyburn. 
To see this observe that the set λ + 1 = [0, λ] is a clopen subspace of κ and κ \ (λ + 1) has the same order type of κ. Thus, we have
is not weakly Whyburn.
Since κ λ ω , by Claim 2 we may fix an injection φ :
On the other hand, if S ⊆ A is such that S \ A = ∅ then we must have |S| = κ. Since the range of S is a subset of C p (λ + 1) of cardinality κ, Claim 3 implies that the range of S has two distinct complete accumulation points z 1 and z 2 . As both ( 0, z 1 ), ( 0, z 2 ) ∈ S, we see that A does not contain any almost closed set S → x ∈ A \ A.
To finish the proof, notice that, by Claim 1 and Claim 4, the set X × C p (λ + 1) is a closed subspace of C p (κ).
• κ is ω-inaccessible ⇒ C p (ξ ) is weakly Whyburn.
Taking into account Lemma 2.2, we are reduced to show that if A is a non-closed subset of C p (ξ ) such that 0 ∈ A \ A and B ⊆ A for each B ∈ [A] <κ , then there exists an almost closed set M ⊆ A with the unique accumulation point outside A. Fix a cofinal set C in ξ of cardinality κ. Let C = {η α : α ∈ κ} be a monotone numbering. For each α ∈ κ, put R α = {f | (η α +1) : f ∈ A}. For g ∈ R α , e(g) denotes an element of A such that e(g)| (η α +1) = g.
For each α ∈ κ, C p (η α + 1) is Fréchet. So there is a countable D α ⊆ R α which C p -converges as a sequence to 0 on (η a + 1). Put E α = e(D α ). We introduce a notation:
Without loss of generality, we may assume an additional property which will be useful later on:
Observe that we can assume that D α is infinite on a tail of κ as otherwise there would be an unbounded L ⊆ κ such that ∀ λ ∈ L ∃h λ ∈ A: h λ | (η λ +1) = 0 and the set {h λ : λ ∈ L} ∩ A would have 0 as the unique accumulation point in C p (ξ ) \ A which would conclude the proof. So we may and shall assume that D α is infinite for each α ∈ κ. To apply Lemma 2.4, we put
So by the ∆-system Lemma 2.4, there is D ∈ [κ] κ such that {A i α : α ∈ D} form a ∆-system for each i ∈ ω. A corresponding root for i ∈ ω will be denoted as R i . As all R i 's are countable and there are just 2 ω reals and κ > 2 ω because of ω-inaccessibility, we can assume moreover:
To make our notation a little bit nicer, we shall use just δ i :
As ϕ ∈ M i , we obtain also δ ϕ = δ i and the claim is proved. Claim 6 implies that either M i ⊆ A or |M i \ A| = 1 (take into account that the value ϕ(0) is obviously uniquely determined). If the latter case occurs then the set M i ∩ A is a wanted almost closed subset of A and the proof is concluded. So we shall assume that M i ⊆ A for all i ∈ ω. However, it implies the following claim, concluding the proof.
Claim 7. M ∩ A is almost closed and 0 ∈ M.
Assume the contrary, i.e., there is ψ ∈ M \ A and ψ = 0.
(1) ψ is constant.
We shall use property of M described in (1). Take n ∈ ω such that
So F is at most countable as the contribution from each M i , i ∈ S, is at most a one-point set; properties of a ∆-system are used. There is a neighborhood U of ψ such that U ∩F = ∅ as our assumptions imply that
Hence ψ ∈ {M i : i ∈ T } which implies that T must be infinite. As δ i (µ) does not depend on α, we obtain that lim i→∞ {δ i (µ): i ∈ T } = 0. Really, suppose the contrary, i.e., there is k ∈ N and i 0 < i 1 
Concluding remarks

Whyburn means Fréchet on ordinals
The next statement extends Theorem 1.2. Assume now that C p (ξ ) is Whyburn and let cf(ξ ) = κ. Without loss of generality, we may assume that κ is infinite. As C p (κ) is a closed subspace of C p (ξ ), we see that even C p (κ) is Whyburn. Because C p (ξ ) is also weakly Whyburn, Theorem 1.3 implies that either κ = ω or κ is ω-inaccessible. Theorem 1.1 gives that C p (κ) is pseudoradial in this case. It is easy to see that any topological space which is Whyburn and pseudoradial must be radial. Hence C p (κ) is Fréchet by Theorem 1.2. By the same theorem, we must have κ = ω and we are done. ✷
A look outside ordinals
As shown in [3] , (1) and (2) from Theorem 1.2 are equivalent properties of C p (X) for any Tychonoff space X. This is not the case when we consider (4), i.e., the Whyburn property.
Let I denote the unit interval. Then C p (I) is known not to be Fréchet (see, e.g., [1, Lemma II.3.5]). However, C p (I) is Whyburn by [2] .
G δ -modifications
Given a space X, the G δ -modification X δ is obtained by taking as a base the collection of all G δ -sets of X.
A consequence of Theorems Another quite interesting thing is that such an implication is no longer true by passing to the G δ -modification of the order topology of ξ . Indeed, a quick look at the first part of the proof of Theorem 1.3 suffices to realize that Claims 1-5 remain true by taking κ with any topology finer than the natural order topology. The only changes needed are: in Claim 1 take as X the analogous subset in the space C p ([λ + 1, κ)) and in Claim 4 simply refer to the decomposition On the other hand, in [3] we find: For instance, we have that C p ((ℵ ω+1 ) δ ) is a pseudoradial space which is not weakly Whyburn.
